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Abstract
We generalize the real and chiral N = 2 super Schro¨dinger algebras to Z2 ×Z2-
graded Lie superalgebras. This is done by D-module presentation and as a conse-
quence, the D-module presentations of Z2 × Z2-graded superalgebras are identical
to the ones of super Schro¨dinger algebras. We then generalize the calculus over
Grassmann number to Z2 × Z2 setting. Using it and the standard technique of
Lie theory, we obtain a vector field realization of Z2 × Z2-graded superalgebras. A
vector field realization of the Z2 × Z2 generalization of N = 1 super Schro¨dinger
algebra is also presented.
1 Introduction
Rittenberg and Wyler introduced a generalization of Lie superalgebras in 1978 [1, 2] (see
also [3, 4]). The idea is to extend Z2-graded structure of Lie superalgebras to ZN ×
ZN ×· · ·×ZN . There are some works discussing physical applications of such an algebraic
structure [5, 6, 7, 8, 9], however, physical significance of the algebraic structure is very
limited compared with Lie superalgebras.
Very recently, it was pointed out that a Z2 × Z2-graded Lie superalgebra (also called
colour superalgebra) appears naturally as a symmetry of differential equation called Le´vy-
Leblond equation (LLE) [10, 11]. LLE is a non-relativistic wave equation for a free, spin
1/2 particle whose wavefunction is a four component spinor [12]. LLE is constructed so as
to be “square root” of the free Schro¨dinger equation (similar to the relation of Dirac and
Klein-Gordon equations). It is invariant under the Galilei group and gives the electron
gyromagnetic ratio two, when coupled to a electromagnetic field. This shows that LLE is
one of the fundamental equations in physics, though not frequently used in literatures. We
take seriously the fact that symmetry of such a physically important equation is described
by a Z2×Z2-graded superalgebra and decided to investigate the generalized superalgebras
in more detail.
The Z2×Z2-graded superalgebra, which gives the symmetry of LLE, is a generalization
of N = 1 super Schro¨dinger algebra (for super Schro¨dinger algebras see [13, 14, 15]). It is
also shown that N = 1 is the maximal supersymmetry of LLE [10, 11]. The passage from
the super Schro¨dinger algebra to its Z2 × Z2 generalization taken in Refs. [10, 11] is also
applicable to other superalgebras. Therefore we consider in the present work a Z2 × Z2
generalization of N = 2 super Schro¨dinger algebras. There are at least two inequivalent
super Schro¨dinger algebra for N = 2. Their D-module presentation is given in [16] and
we shall use it in our construction of novel Z2 × Z2-graded superalgebras. As a corollary
of the construction we show that the D-module presentations also give representations of
the novel Z2 × Z2 superalgebras. These are the first main results of the present work.
The second result is linear vector field realizations of the Z2 × Z2-graded superalge-
bras constructed from N = 1, 2 super Schro¨dinger algebras. Symmetry generators of LLE
contain second order differential operators. It is an interesting result that second order
differential operators form a closed algebra under Z2 × Z2-grading, although they never
close in Z2-grading. It is, however, better to have a realization of the algebras in terms
of first order differential operators which would be more suitable for physical applica-
tions. To this end we develop a generalization of Grassmann calculus to Z2 × Z2 setting.
Then we shall see that the techniques of standard Lie theory are used to have vector
field realizations. These results will be applied to built up a Z2 × Z2-graded superspace
formulation.
The plan of this paper is as follows: The next section is a summary of already known
results. We give a definition of Z2×Z2-graded superalgebras and the D-module presenta-
tion of “chiral” and “real” super Schro¨dinger algebra withN = 2. In §3 new Z2×Z2-graded
superalgebras are constructed from N = 2 super Schro¨dinger algebras. We introduce a
calculus over the Z2×Z2-graded numbers in §4. By making use of it, linear realizations of
the Z2×Z2-graded superalgebras introduced in §3 are given in §5 and §6. We also give a
linear realization of Z2×Z2-graded superalgebra obtained from N = 1 super Schro¨dinger
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algebra in Appendix.
2 Preliminaries
2.1 Z2 × Z2-graded Lie superalgebra
We give a definition of Z2×Z2-graded Lie superalgebra [1, 2]. Let g be a linear space and
a = (a1, a2) an element of Z2×Z2. Suppose that g is a direct sum of graded components:
g =
⊕
a
ga = g(0,0) ⊕ g(0,1) ⊕ g(1,0) ⊕ g(1,1). (2.1)
Homogeneous elements of ga are denoted by Xa, Ya, . . . If g admits a bilinear operation
(the general Lie bracket), denoted by J·, ·K, satisfying the identities:
JXa, YbK ∈ ga+b (2.2)
JXa, YbK = −(−1)
a·bJYb, XaK, (2.3)
(−1)a·cJXa, JYb, ZcKK+ (−1)
b·aJYb, JZc, XaKK+ (−1)
c·bJZc, JXa, YbKK = 0 (2.4)
where
a+ b = (a1 + b1, a2 + b2) ∈ Z2 × Z2, a · b = a1b1 + a2b2, (2.5)
then g is referred to as a Z2 × Z2-graded Lie superalgebra. By definition, the general Lie
bracket J·, ·K for homogeneous elements is either commutator or anticommutator.
This is a natural generalization of Lie superalgebra which is defined on Z2-grading
structure:
g = g(0) ⊕ g(1) (2.6)
with
a+ b = (a + b), a · b = ab. (2.7)
It should be noted that g(0,0)⊕g(0,1) and g(0,0)⊕g(1,0) are sub-superalgebras of the Z2×Z2-
graded superalgebra g.
2.2 D-module presentation of N = 2 super Schro¨dinger algebras
We presentD-module presentation ofN = 2 super Schro¨dinger algebras. ForN = 2, there
are two fundamental D-module representations of the 0+1 dimensional supersymmetry
[18]. They are referred to the real and chiral representations which are also denoted
as “(1,2,1)” and “(2,2)”, respectively. For this reason, we have two inequivalent super
Schro¨dinger algebras and we denote them G(1,2,1) and G(2,2). Their D-module presentations
are given below and they correspond to (ℓ, d) = (1
2
, 1) of the ones in [16].
Let eij denote the 4 × 4 supermatrix with entry 1 at the crossing of the ith row and
jth column, and 0 otherwise. The D-module presentation of the G(1,2,1) superalgebra is
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given by
H = ı4∂t,
D = −ı4
(
t∂t + λ+
1
2
x∂x
)
−
1
2
(2e22 + e33 + e44),
K = −ı4t(t∂t + 2λ+ x∂x)− t(2e22 + e33 + e44),
R = e34 − e43,
Q1 = e13 + e42 + (e24 + e31)∂t,
Q2 = e14 − e32 − (e23 − e41)∂t,
S1 = t(e13 + e42) + (e24 + e31)(t∂t + 2λ+ x∂x) + e24,
S2 = t(e14 − e32)− (e23 − e41)(t∂t + 2λ+ x∂x)− e23,
P = ı4∂x,
G = ı4t∂x,
X1 = (e24 + e31)∂x,
X2 = (e41 − e23)∂x, (2.8)
where λ is the constant regarded as scaling dimension. The Z2-grading structure is
(0) : H, D, K, R, P, G
(1) : Qa, Sa, Xa
(2.9)
While the D-module presentation of the G(2,2) superalgebra is given by
H = ı4∂t,
D = −ı4
(
t∂t + λ+
1
2
x∂x
)
−
1
2
(e33 + e44),
K = −ı4t(t∂t + 2λ+ x∂x)− t(e33 + e44),
R = −(e12 − e21 + e34 − e43)(x∂x + 2λ) + e34 − e43,
Q1 = e13 + e24 + (e31 + e42)∂t,
Q2 = e14 − e23 − (e32 − e41)∂t,
S1 = t(e13 + e24) + (e31 + e42)(t∂t + 2λ+ x∂x),
S2 = t(e14 − e23)− (e32 − e41)(t∂t + 2λ+ x∂x),
P = ı4∂x,
G = ı4t∂x,
X1 = (e31 + e42)∂x,
X2 = −(e32 − e41)∂x,
J = (e12 − e21 + e34 − e43)∂x,
F = (e12 − e21 + e34 − e43)t∂x. (2.10)
The Z2-grading structure of the superalgebra is
(0) : H, D, K, R, P, G, J, F
(1) : Qa, Sa, Xa
(2.11)
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For both G(1,2,1) and G(2,2), {H,D,K,R,Qa, Sa} spans sl(2|1) with {H,D,K} ≃ sl(2),
and Qa, Sa supercharges and conformal supercharges, respectively. The rest of the ele-
ments form a sl(2|1)-module so that the super Schro¨dinger algebras are semidirect sum of
sl(2|1) and its modules. As discussed in [16] (see also [17]), G(1,2,1) and G(2,2) accommodate
a central extension. However, the D-module presentations given above are for centerless
algebras.
For reader’s convenience we present below nonvanishing (anti)commutators of G(1,2,1)
and G(2,2). First we collect the relations which are common for G(1,2,1) and G(2,2) :
[D,H ] = H, [D,K] = −K, [H,K] = 2D,
[D,Qa] =
1
2
Qa, [K,Qa] = Sa, [H,Sa] = Qa,
[D,Sa] = −
1
2
Sa, {Qa, Qb} = 2δabH, {Sa, Sb} = −2δabK,
{Qa, Sb} = −2δabD + ǫabR,
[R,Qa] = −ǫabQb, [R, Sa] = −ǫabSb,
[H,G] = P, [D,P ] = 1
2
P, [D,G] = −1
2
G,
[K,P ] = G, [Qa, G] = Xa, [Sa, P ] = −Xa,
(2.12)
where ǫab is an antisymmetric tensor with ǫ12 = 1 and summation over the repeated
indices is understood.
The superalgebra G(1,2,1) has additional relations:
[R,Xa] = −ǫabXb, {Qa, Xb} = δabP, {Sa, Xb} = δabG. (2.13)
While the additional relations for G(2,2) are given by
{Qa, Xb} = δabP − ǫabJ, {Sa, Xb} = δabG− ǫabF,
[R,P ] = J, [R,G] = F, [R,Xa] = −2ǫabXb,
[H,F ] = J, [D, J ] = 1
2
J, [D,F ] = −1
2
F,
[K, J ] = F, [Qa, F ] = −ǫabXb, [Sa, J ] = ǫabXb,
[R, J ] = −P, [R,F ] = −G.
(2.14)
3 Z2 × Z2 generalization of G(1,2,1) and G(2,2)
In this section, two new Z2 × Z2-graded superalgebras are constructed from the D-
module presentation of G(1,2,1) and G(2,2). Key observation of the construction is that
(Qa, Sa), (P,G) are sl(2) doublet in the superalgebras. This suggests that one may treat
(Qa, Sa) and (P,G) on equal footing, that is, one may regard (P,G) as fermionic el-
ements. Doing so (P,G) generates a superalgebra and (Qa, Sa) generate the standard
superconformal algebra and interestingly enough their D-module presentation is closed in
a Z2 × Z2-graded superalgebra.
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3.1 g(1,2,1) : Z2 × Z2 generalization of G(1,2,1)
Reflecting the fermionic nature of (P,G) we introduce new elements defined by
P˜ = {P, P}, U = {P,G}, G˜ = {G,G}, Πa = {P,Xa}, Λa = {G,Xa},
X˜ = [X1, X2]. (3.1)
Note that some of them are second order differential operators in the D-module presen-
tation (2.8). We assign the Z2 × Z2 degree as follows:
(0, 0) : H, D, K, P˜ , U, G˜, X˜, R
(0, 1) : P, G
(1, 0) : Qa, Sa, Πa, Λa
(1, 1) : Xa
(3.2)
It is straightforward to verify, with the aid of D-module presentation, that the elements
in (3.2) satisfy the following nonvanishing (anti)commutation relations:
(0, 0)-(0, 0) sector:
[D,H ] = H, [H,K] = 2D, [D,K] = −K,
[H, G˜] = 2U, [H,U ] = P˜ , [D, P˜ ] = P˜ ,
[D, G˜] = −G˜, [K, P˜ ] = 2U, [K,U ] = G˜.
(3.3)
(0, 0)-(0, 1) sector:
[H,G] = P, [D,P ] =
1
2
P, [D,G] = −
1
2
G, [K,P ] = G. (3.4)
(0, 0)-(1, 0) sector:
[H,Sa] = Qa, [H,Λa] = Πa, [D,Qa] =
1
2
Qa,
[D,Sa] = −
1
2
Sa, [D,Πa] =
1
2
Πa, [D,Λa] = −
1
2
Λa,
[K,Qa] = Sa, [K,Πa] = Λa, [P˜ , Sa] = 2Πa,
[G˜, Qa] = −2Λa, [U,Qa] = −Πa, [U, Sa] = Λa,
[X˜, Qa] = −ǫabΠb, [X˜, Sa] = −ǫabΛb,
[R,Xa] = −ǫabXb, (X = Q, S,Π,Λ).
(3.5)
(0, 0)-(1, 1) sector:
[R,Xa] = −ǫabXb. (3.6)
(0, 1)-(0, 1) sector:
{P, P} = P˜ , {P,G} = U, {G,G} = G˜. (3.7)
(0, 1)-(1, 0) sector:
[P, Sa] = Xa, [G,Qa] = −Xa. (3.8)
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(0, 1)-(1, 1) sector:
{P,Xa} = Πa, {G,Xa} = Λa. (3.9)
(1, 0)-(1, 0) sector:
{Qa, Qb} = 2δabH, {Qa, Sb} = −2δabD + ǫabR,
{Qa,Πb} = δabP˜ , {Qa,Λb} = δabU + ǫabX˜,
{Sa, Sb} = −2δabK, {Sa,Πb} = δabU − ǫabX˜,
{Sa,Λb} = δabG˜.
(3.10)
(1, 0)-(1, 1) sector:
{Qa, Xb} = δabP, {Sa, Xb} = δabG. (3.11)
(1, 1)-(1, 1) sector:
[X1, X2] = X˜. (3.12)
It is also straightforward to verify by direct computation that the above obtained
(anti)commutation relations respect the graded Jacobi identity (2.4). We thus obtained a
new Z2×Z2-graded superalgebra, denoted as g(1,2,1), and its D-module presentation given
by (2.8).
We used the D-module presentation (2.8) to calculate the defining relations of g(1,2,1).
However, the relations are representation independent. One may derive the same relations
using only the (anti)commutation relations (2.12) and (2.13). Thus one may realize g(1,2,1)
as a subspace of the universal enveloping algebra of the G(1,2,1)1.
3.2 g(2,2) : Z2 × Z2 generalization of G(2,2)
We employ the construction same as the previous subsection. Introduce new elements
defined by
P˜ = {P, P}, U = {P,G}, G˜ = {G,G}, V = {P, J}, W = {P, F},
Z = {G,F}, Πa = {P,Xa}, Λa = {G,X} (3.13)
and define the Z2 × Z2-grading structure by
(0, 0) : H, D, K, P˜ , G˜, U, V, W, Z, R
(0, 1) : P, G, J, F
(1, 0) : Qa, Sa, Πa, Λa
(1, 1) : Xa
(3.14)
With the aid of theD-module presentation (2.10) one may readily obtain the nonvanishing
(anti)commutation relations.
1The authors are grateful to the referee for pointing this out.
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(0, 0)-(0, 0) sector:
[H,D] = −H, [H,K] = 2D, [H, G˜] = 2U, [H,U ] = P˜ ,
[H,W ] = V, [H,Z] = 2W, [D,K] = −K, [D, P˜ ] = P˜ ,
[D, G˜] = −G˜, [D, V ] = V, [D,Z] = −Z, [K, P˜ ] = 2U,
[K,U ] = G˜, [K, V ] = 2W, [K,W ] = Z, [P˜ , R] = −2V,
[G˜, R] = −2Z, [U,R] = −2W, [V,R] = 2P˜ , [W,R] = 2U,
[Z,R] = 2G˜.
(3.15)
(0, 0)-(0, 1) sector:
[H,G] = P, [H,F ] = J, [D,P ] = 1
2
P, [D,G] = −1
2
G,
[D, J ] = 1
2
J, [D,F ] = −1
2
F, [K,P ] = G, [K, J ] = F,
[R,P ] = J, [R,G] = F, [R, J ] = −P, [R,F ] = −G.
(3.16)
(0, 0)-(1, 0) sector:
[H,Sa] = Qa, [H,Λa] = Πa, [D,Qa] =
1
2
Qa,
[D,Sa] = −
1
2
Sa, [D,Πa] =
1
2
Πa, [D,Λa] = −
1
2
Λa,
[K,Qa] = Sa, [K,Πa] = Λa, [P˜ , Sa] = 2Πa,
[G˜, Qa] = −2Λa, [U,Qa] = −Πa, [U, Sa] = Λa,
[V, Sa] = −2ǫabΠb, [W,Qa] = ǫabΠb, [W,Sa] = −ǫabΛb,
[Z,Qa] = 2ǫabΛb, [R,Qa] = −ǫabQb, [R, Sa] = −ǫabSb,
[R,Πa] = −3ǫabΠb, [R,Λa] = −3ǫabΛb.
(3.17)
(0, 0)-(1, 1) sector:
[R,Xa] = −2ǫabXb. (3.18)
(0, 1)-(0, 1) sector:
{P, P} = P˜ , {P,G} = U, {P, J} = V, {P, F} = W,
{G,G} = G˜, {G, J} = W, {G,F} = Z, {J, J} = −P˜ ,
{J, F} = −U, {F, F} = −G˜.
(3.19)
(0, 1)-(1, 0) sector:
[P, Sa] = Xa, [G,Qa] = −Xa, [J, Sa] = −ǫabXb, [F,Qa] = ǫabXb. (3.20)
(0, 1)-(1, 1) sector:
{P,Xa} = Πa, {G,Xa} = Λa, {J,Xa} = −ǫabΠb, {F,Xa} = −ǫabΛb. (3.21)
(1, 0)-(1, 0) sector:
{Qa, Qb} = 2δabH, {Qa, Sb} = −2δabD + ǫabR,
{Qa,Πb} = δabP˜ − ǫabV, {Qa,Λb} = δabU − ǫabW,
{Sa, Sb} = −2δabK, {Sa,Πb} = δabU − ǫabW,
{Sa,Λb} = δabG˜− ǫabZ.
(3.22)
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(1, 0)-(1, 1) sector:
{Qa, Xb} = δabP − ǫabJ, {Sa, Xb} = δabG− ǫabF. (3.23)
There is no nonvanishing relations in g(1,0)-g(1,1) sector. One may verify by direct com-
putation that the above obtained (anti)commutation relations respect the graded Jacobi
identity. We thus obtained a new Z2 × Z2-graded superalgebra, denoted as g(2,2), and its
D-module presentation given by (2.10).
Contrary to g(1,2,1) it is impossible to realize g(2,2) as a subspace of the universal
enveloping algebra of G2,2 since the relations in (3.19) are never realized in the enveloping
algebra.
4 Z2 × Z2 generalization of Grassmann numbers and
their calculus
The D-module presentation of g(1,2,1) and g(2,2) discussed in §3 consists of first and second
order differential operators. Appearance of second order differential operators in a repre-
sentation of Lie (super)algebra is unusual in physics. Concerning physical applications of
g
(1,2,1) and g(2,2) it would be more appropriate to have a representation of them consist-
ing of only first order differential operators. This would be achieved by generalizing the
Grassmann calculus to Z2 × Z2 setting. We, therefore, develop it in this section.
A Z2 × Z2 generalization of Grassmann numbers was introduced in [1, 2]. Z2 × Z2
graded numbers ξa, ξb with degree a, b ∈ Z2 × Z2 are defined by the relation:
Jξa, ξbK = 0. (4.1)
It would be more helpful to use different notations for numbers with different degree. We
denote the Z2 × Z2 graded numbers as follows:
(0, 0) xi, (0, 1) ψi, (1, 0) θi, (1, 1) zi (4.2)
where their Z2 × Z2 degree is also indicated. By definition (4.1) xi commute with all
others and ψ2i = θ
2
i = 0. zi anticommute with ψi, θi, however, ψi and θi commute each
other. The simplest example is the system consisting of 1, x, ψ, θ and z. A function of
these variables is expanded in powers of nilpotent variables ψ, θ :
f(x, ψ, θ, z) = f00(x, z) + ψf01(x, z) + θf10(x, z) + ψθf11(x, z). (4.3)
Note that the function fab has the degree (a, b).
Now we define derivative and integral for these numbers in such a way the definitions
are a natural generalization of the Grassmann case. First,
∂
∂A
and dA are required to
have the degree same as A = x, ψ, θ, z so that they obey the (anti)commutation relations
same as A. We treat xi as an ordinary real (or complex) number, thus its derivative and
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integral are obvious. zi is also treated as an ordinary number except that it anticommutes
with ψi and θi. Derivative and integral for ψi and θi are same as Grassmann case:
∂
∂ψi
=
∫
dψi,
∂
∂θi
=
∫
dθi,
∂
∂ψi
1 =
∂
∂θi
1 = 0,
∂
∂ψi
ψj =
∂
∂θi
θj = δij . (4.4)
To clarify our definition, we here give some examples:
∂
∂ψ2
x2ψ1ψ2 = −x2ψ1,
∂
∂θ1
ψ1θ1z3 = ψ1z3, (4.5)
∂
∂z1
x2ψ3z
2
1 = −2x2ψ3z1, (4.6)
This definition guarantees that the integration by parts holds for these numbers.
5 Linear realizations of g(1,2,1)
The aim of this section is to realize g(1,2,1) by first order differential operators of Z2×Z2-
graded numbers. Procedure employed here is a standard one in Lie theory. We apply
it to our Z2 × Z2 setting. Namely, for a Z2 × Z2-graded superalgebra we shall consider
triangular-like decomposition, exponential mapping, functions over a Lie group, etc.
5.1 Triangular-like decomposition of g(1,2,1)
We would like to introduce a vector space decomposition of g(1,2,1) similar to the triangular
decomposition of a Lie algebra. To this end, we introduce another grading for g(1,2,1).
Taking D as a grading operator, D degree δ of Y ∈ g(1,2,1) is defined by [D, Y ] = δY. We
also introduce the second grading operator R¯ = −iR and its degree ρ which is defined the
way same as δ. Pair ofD and R¯ degree (δ, ρ) for each element of g(1,2,1) follows immediately
from the defining (anti)commutation relations:
H(1, 0), D(0, 0), K(−1, 0), P˜ (1, 0), U(0, 0), G˜(−1, 0),
X˜(0, 0), R¯(0, 0), P (1
2
, 0), G(−1
2
, 0), X±(0,±1), Q±(
1
2
,±1),
S±(−
1
2
,±1), Π±(
1
2
,±1), Λ±(−
1
2
,±1)
(5.1)
where X± = X1 ± iX2 for X = X,Q, S,Π,Λ. Reading the entries of the pair from left
to right, if the first nonvanishing entry is positive (negative) then we call the element of
g
(1,2,1) positive (negative). According to this, we introduce a vector space decomposition
of g(1,2,1) similar to the triangular decomposition:
g
(1,2,1) = g
(1,2,1)
+ ⊕ g
(1,2,1)
0 ⊕ g
(1,2,1)
− , (5.2)
with
g
(1,2,1)
+ : H, P˜ , P, Q±, Π±, X+
g
(1,2,1)
0 : D, U, X˜, R¯
g
(1,2,1)
− : K, G˜, G, S±, Λ±, X− (5.3)
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One may easily see that
[g
(1,2,1)
0 , g
(1,2,1)
± ] ⊆ g
(1,2,1)
± . (5.4)
By exponential mapping the Z2 × Z2-graded supergroup is obtained from g(1,2,1)
G(1,2,1) = exp(g(1,2,1)) (5.5)
and the corresponding triangular-like decomposition:
G(1,2,1) = G
(1,2,1)
+ G
(1,2,1)
0 G
(1,2,1)
− , (5.6)
where
G
(1,2,1)
± = exp(g
(1,2,1)
± ), G
(1,2,1)
0 = exp(g
(1,2,1)
0 ). (5.7)
5.2 Left action of g(1,2,1) on G(1,2,1)
We consider the space of C∞ class functions over G(1,2,1) with a special property defined
by
f(g+g0g−) = f(g+), ga ∈ G
(1,2,1)
a , a = 0,± (5.8)
Namely, f is a function over G
(1,2,1)
+ . We parametrize elements of G
(1,2,1)
+ as follows:
g+ = exp(x1H) exp(x2P˜ ) exp(ψP ) exp(θ+Q+) exp(θ−Q−)
× exp(θ′+Π+) exp(θ
′
−Π−) exp(zX+). (5.9)
We define a left action of g(1,2,1) on f(g+) as usual:
Y f(g+) =
d
dτ
f(e−τY g+)
∣∣∣∣
τ=0
, Y ∈ g(1,2,1) (5.10)
where τ is a parameter having the degree same as Y. It is not difficult to verify that the
left action gives a realization of g(1,2,1) on the space of functions f(g+).We give its explicit
form below:
g
(1,2,1)
+ sector:
H = −
∂
∂x1
,
P˜ = −
∂
∂x2
,
P = −
∂
∂ψ
+
1
2
ψ
∂
∂x2
,
Q+ = −
∂
∂θ+
,
Q− = −
∂
∂θ−
+ 4θ+
∂
∂x1
,
Π± = −
∂
∂θ′±
+ 2θ∓
∂
∂x2
,
X+ = −
∂
∂z
+ 2θ−
∂
∂ψ
− ψθ−
∂
∂x2
+ ψ
∂
∂θ′+
. (5.11)
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g
(1,2,1)
0 sector:
D = −
∑
a=1,2
xa
∂
∂xa
−
1
2
∑
k=±
(
θk
∂
∂θk
+ θ′k
∂
∂θ′k
)
−
1
2
ψ
∂
∂ψ
,
U = (x1 − 2θ+θ−)
∂
∂x2
+ θ+
∂
∂θ′+
+ θ−
∂
∂θ′−
,
X˜ = i
(
2θ+θ−
∂
∂x2
− θ+
∂
∂θ′+
+ θ−
∂
∂θ′−
)
,
R¯ = −
∑
k
sign(k)
(
θk
∂
∂θk
+ θ′k
∂
∂θ′k
)
− z
∂
∂z
, (5.12)
withe sign(±) = ±1.
g
(1,2,1)
− sector:
K = −2x1D − x
2
1
∂
∂x1
− 2θ+θ−
(
2θ′+
∂
∂θ′+
+ 2x2
∂
∂x2
+ ψ
∂
∂ψ
+ z
∂
∂z
)
+ 2x2
(
θ+
∂
∂θ′+
+ θ−
∂
∂θ′−
)
+ ψθ+
∂
∂z
,
G˜ = −x1
(
U − θ+Π+ + θ−
∂
∂θ′−
)
,
G = −x1P − θ +X+ − ψθ−
∂
∂θ′−
,
S+ = −x1Q+ − 2x2Π+ − 2θ−
(
ψ
∂
∂ψ
+ 2θ′+
∂
∂θ′+
+ z
∂
∂z
)
+ ψ
∂
∂z
,
S− = −x1Q− − 2x2Π− − 2θ+
(
ψ
∂
∂ψ
+ 2θ−
∂
∂θ−
+ 2θ′−
∂
∂θ′−
− z
∂
∂z
)
,
Λ+ = −x1Π+,
Λ− = −x1Π− − 4θ+θ−
∂
∂θ′−
,
X− = 2θ+
∂
∂ψ
− ψθ+
∂
∂x2
+ ψ
∂
∂θ′−
. (5.13)
6 Linear realizations of g(2,2)
By the procedure same as the one for g(1,2,1) we construct a linear realization of g(2,2).
First, we redefine the elements:
V± = V ± iP˜ , Z± = Z ± iG˜, W± =W ± iU,
J± = J ± iP, F± = F ± iG. (6.1)
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Taking D and R¯ = −iR as the grading operators, the (δ, ρ) degree of g(2,2) elements is
given by
H(1, 0), D(0, 0), K(−1, 0), V±(1,±2), W±(0,±2), Z±(−1,±2),
R¯(0, 0), J±(
1
2
,±1), F±(−
1
2
,±1), Q±(
1
2
,±1), S±(−
1
2
,±1), Π±(
1
2
,±3),
Λ±(−
1
2
,±3), X±(0,±2)
(6.2)
This leads a triangular-like decomposition of g(2,2)
g
(2,2)
+ : H, V±, W+, Q±, J±, Π±, X+
g
(2,2)
0 : D, R¯
g
(2,2)
− : K, Z±, W−, S±, F±, Λ±, X− (6.3)
We parametrize an element of G
(2,2)
+ = exp(g
(2,2)
+ ) as follows:
g+ = exp(x1H) exp(x2W+) exp(x+V+) exp(x−V−) exp(ψ+J+) exp(ψ−J−)
× exp(θ+Q+) exp(θ−Q−) exp(θ
′
+Π+) exp(θ
′
−Π−) exp(zX+). (6.4)
Then the left action (5.10) of g(2,2) on the space of functions over G
(2,2)
+ gives a linear
realization of g(2,2). We give its explicit form below:
g
(2,2)
+ sector:
H = −
∂
∂x1
,
W+ = −
∂
∂x2
+ x1
∂
∂x+
,
V± = −
∂
∂x±
,
J± = −
∂
∂ψ±
± iψ±
∂
∂x±
,
Q+ = −
∂
∂θ+
+ 2x2
(
2θ−
∂
∂x+
− i
∂
∂θ′+
)
,
Q− = −
∂
∂θ−
− 4θ+
(
x2
∂
∂x+
−
∂
∂x1
)
,
Π± = −
∂
∂θ′±
∓ 2iθ∓
∂
∂x±
,
X+ = −
∂
∂z
− 2
(
ψ+θ−
∂
∂x+
+ iθ−
∂
∂ψ+
− iψ+
∂
∂θ′+
)
. (6.5)
g
(2,2)
0 sector:
D = −x1
∂
∂x1
−
∑
k=±
(
xk
∂
∂xk
+
1
2
(
ψk
∂
∂ψk
+ θk
∂
∂θk
+ θ′k
∂
∂θ′k
))
,
R¯ = −2x2
∂
∂x2
−
∑
k=±
sign(k)
(
2xk
∂
∂xk
+ ψk
∂
∂ψk
+ θk
∂
∂θk
+ 3θ′k
∂
∂θ′k
)
− 2z
∂
∂z
. (6.6)
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g
(2,2)
− sector:
W− = −2iθ−
∂
∂θ′−
+ x1
∂
∂x−
,
Z+ = 2(x1 − 4θ+θ−)
∂
∂x2
− x21
∂
∂x+
,
Z− = 4ix1θ−
∂
∂θ′−
− x21
∂
∂x−
,
X− = −2
(
ψ−θ+
∂
∂x−
− iθ+
∂
∂ψ−
+ iψ−
∂
∂θ′−
)
,
F+ = −x1J+ + 2i
(
ψ+
∂
∂x2
− 2ψ+θ+θ−
∂
∂x+
+ 2iθ+θ−
∂
∂ψ+
− θ+
∂
∂z
)
,
F− = −x1J− + 4ψ−θ−
∂
∂θ′−
,
Λ+ = −x1X
P
+ + 2θ−
(
2θ+
∂
∂θ′+
− i
∂
∂x2
)
,
Λ− = −x1X
P
− − 4θ+θ−
∂
∂θ′−
,
S+ = −x1Q+ − 4ix+X
P
+ − 4θ−
(
x2
∂
∂x2
+ ψ+
∂
∂ψ+
+ 2θ′+
∂
∂θ′+
− θ′−
∂
∂θ′−
+ z
∂
∂z
)
+ 2i
(
4x2θ+θ−
∂
∂θ′+
+ ψ+
∂
∂z
)
,
S− = −x1Q− + 4ix−X
P
− − 4θ+
(
ψ−
∂
∂ψ−
+ θ−
∂
∂θ−
+ 2θ′−
∂
∂θ′−
− z
∂
∂z
)
− 2iθ′+
( ∂
∂x2
− 4θ+θ−
∂
∂x+
)
,
K = −2x1D − x
2
1
∂
∂x1
− 4θ+θ−
(
2x2
∂
∂x2
+ ψ+
∂
∂ψ+
+ θ′+
∂
∂θ′+
− θ′−
∂
∂θ′−
+ z
∂
∂z
)
− 2(x+ + iθ−θ
′
+)
∂
∂x2
− 4ix−θ−
∂
∂θ′−
+ 2iψ+θ+
∂
∂z
. (6.7)
7 Concluding remarks
We have introduced two novel Z2×Z2-graded Lie superalgebras g(1,2,1) and g(2,2) induced
from N = 2 super Schro¨dinger algebras G(1,2,1) and G(2,2) which are defined on (1+1)
dimensional spacetime. This was done based on the D-module presentations of G(1,2,1)
and G(2,2). However, the success of the generalization to Z2 × Z2-grading is due to the
fact that G(1,2,1) and G(2,2) have an extra sl(2) doublet in addition to super symmetries
(Qa, Sa). This is a common feature of super Schro¨dinger algebras. Therefore, more novel
Z2 × Z2-graded superalgebras will be induced form higher N super Schro¨dinger algebras
in arbitrary dimensional spacetime.
We also derived linear vector field realizations of g(1,2,1) and g(2,2) which will be useful
for a generalization of superspace formulation to Z2 × Z2 setting. This is a first step to
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the full development of representation theory of Z2 × Z2-graded superalgebras induced
from super Schro¨dinger algebras. What we really want to understand is whether Z2×Z2-
graded superalgebras are physically important algebraic structure on the same level as Lie
algebras or Lie superalgebras. To this end we need to construct dynamical systems having
Z2 × Z2-graded superalgebras as symmetry or dynamical algebras. There are various
method to do it, for instance, Lie symmetry, nonlinear realization, coset construction and
so on. Whichever method we take, understanding representations is a fundamental step to
obtain dynamical systems. As a system which is related to Z2×Z2-graded superalgebras
we may possibly mention Dirac-Dunkle operators [25, 26, 27].
From mathematical point of view, representation theory of an algebraic structure is
also very crucial. There exist many works on structure theory of the generalized (color)
superalgebras [19, 20, 21, 22, 23, 24] (and references therein). However, it seems that
representation theory of them has not been investigated so well. The results of the present
work pushed the representation theory forward and we wish to report further development
in future publications.
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Appendix
In this appendix we construct a linear realization of the Z2 × Z2-graded superalgebra
which is a generalization of N = 1 super Schro¨dinger algebra.
Restricting to a = 1 in the D-module representation of N = 2 super Schro¨dinger
algebra G1,2,1 (2.8) one has its N = 1 counterpart:
H = ı4∂t,
D = −ı4
(
t∂t + λ+
1
2
x∂x
)
−
1
2
(2e22 + e33 + e44),
K = −ı4t(t∂t + 2λ+ x∂x)− t(2e22 + e33 + e44),
Q = e13 + e42 + (e24 + e31)∂t,
S = t(e13 + e42) + (e24 + e31)(t∂t + 2λ+ x∂x) + e24,
P = ı4∂x,
G = ı4t∂x,
X = (e24 + e31)∂x. (A.1)
Their commutation relations are also a = 1 restriction of N = 2 case.
Let us introduce new elements:
P˜ = {P, P}, U = {P,G}, G˜ = {G,G}, Π = {P,X}, Λ = {G,X} (A.2)
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and Z2 × Z2-grading given by
(0, 0) : H, D, K, P˜ , U, G˜
(0, 1) : P, G
(1, 0) : Q, S, Π, Λ
(1, 1) : X
(A.3)
Then the (anti)commutators, which are computed with the aid of (A.1), define a Z2×Z2-
graded superalgebra which we denote gN=1.
In order to introduce a triangular-like decomposition of gN=1, we take D as a grading
operator. The triangular-like dedomposition immediately follows from D-degree of the
elements which reads as follows:
+1 : H, P˜
+1
2
: Q, Π, P
0 : D, U, X
−1
2
: S, Λ, G
−1 : K, G˜
(A.4)
We parametrize a Z2 × Z2-graded group element for gN=1+ as
g+ = exp(x1H) exp(x2P˜ ) exp(ψP ) exp(θ1Q) exp(θ2Π). (A.5)
Then the left action defined by (5.10) gives the linear realization of gN=1.
g
N=1
+ sector:
H = −
∂
∂x1
,
P˜ = −
∂
∂x2
,
P = −
∂
∂ψ
+
1
2
ψ
∂
∂x2
,
Q = −
∂
∂θ1
+ θ1
∂
∂x1
,
Π = −
∂
∂θ2
+ θ1
∂
∂x2
, (A.6)
g
N=1
0 sector:
D = −
2∑
k=1
(
xk
∂
∂xk
+
1
2
θk
∂
∂θk
)
−
1
2
ψ
∂
∂ψ
,
U = x1
∂
∂x2
+ θ1
∂
∂θ2
,
X = θ1
∂
∂ψ
+ ψ
∂
∂θ2
−
1
2
ψθ1
∂
∂x2
, (A.7)
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g
N=1
− sector:
K = −2x1D − x
2
1
∂
∂x1
+ 2x2θ1
∂
∂θ2
,
G˜ = −x1U − x1θ1
∂
∂θ2
,
G = −x1P − ψθ1
∂
∂θ2
,
S = −x1Q− 2x2Π− θ1
(
ψ
∂
∂ψ
+ θ2
∂
∂θ2
)
,
Λ = −x1Π. (A.8)
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